Health care utilization is an outcome of interest in health services research. Two frequently studied forms of utilization are counts of emergency department (ED) visits and hospital admissions. These counts collectively convey a sense of disease exacerbation and cost escalation. Different types of event counts from the same patient form a vector of correlated outcomes. Traditional analysis typically model such outcomes one at a time, ignoring the natural correlations between different events, and thus failing to provide a full picture of patient care utilization. In this research, we propose a multivariate semiparametric modeling framework for the analysis of multiple health care events following the exponential family of distributions in a longitudinal setting. Bivariate nonparametric functions are incorporated to assess the concurrent nonlinear influences of independent variables as well as their interaction effects on the outcomes. The smooth functions are estimated using the thin plate regression splines. A maximum penalized likelihood method is used for parameter estimation. The performance of the proposed method was evaluated through simulation studies. To illustrate the method, we analyzed data from a clinical trial in which ED visits and hospital admissions were considered as bivariate outcomes.
implementation and interpretation, may represent a form of model misspecification, which could lead to erroneous inference and thus misinform policy makers. From a modeling perspective, in the absence of knowledge of the true functional form of an independent variable effect, a convenient way to incorporate possible nonlinear effects is to consider a semiparametric regression approach. Existing work on semiparametric regression models in the multivariate settings is rather limited. Most of the published methods have focused on the depiction of nonlinear time effect. [6] [7] [8] Liu and Tu introduced bivariate smooth components in a semiparametric model for a pair of continuous outcomes. 9 However, to the best of our knowledge, few off-the-shelf methods exist to meet the need of health services research for analyzing care utilization data.
Accommodation of repeatedly measured data, on the other hand, has been well studied. Various univariate models have been developed to take into account different features of data collection, including temporal correlations among the repeated measurements from the same subject, 10, 11 and potentially nonlinear independent variable effects. 12, 13 However, analytical options become more limited when it comes to the analysis of multiple correlated outcomes of different types. Rochon used the generalized estimating equations (GEE) to analyze bivariate repeated outcomes. 14 Similar models have been developed for the analysis of multiple continuous and binary outcomes. 15, 16 With the GEE approach, there is no need to explicitly specify the covariance structure of the data, and thus the approach is more useful when one is interested in characterizing the populationaveraged covariate effects on the outcomes, as opposed to evaluating the underlying associations across the outcomes. Alternatively, latent variable models assuming observed outcomes as surrogate measures of an unobservable endpoint have been discussed. 17, 18 This approach has been applied to a variety of situations including bivariate clustered outcomes, multiple continuous longitudinal outcomes and a mixture of longitudinal outcomes. [19] [20] [21] Finally, mixed effects models accounting for the covariance structure of multiple outcomes have been proposed in which correlated outcomes are linked together through a prespecified joint distribution of random effects. 22, 23 A pairwise model fitting approach has also been developed to alleviate the computational problems due to high-dimensionality of the joint covariance structure. 24 Most of the existing literature on multivariate mixed models has thus far focused on continuous outcome variables.
In this paper, we extend the bivariate semiparametric model to a more general exponential family distribution setting. Although the focus of the current analysis is on health care utilization counts, the general model formulation allows it to be used in a wider class of data types. Herein, bivariate smooth functions are incorporated to accommodate nonlinear influences of two potentially interacting independent variables. Model parameters are estimated by using the maximum penalized likelihood method. We perform simulation studies to assess the finite sample performance of the estimation method and to compare the proposed method with other frequently used models. Finally, we use the proposed method to analyze health care utilization data collected from a clinical trial.
Methods 2.1 Generalized multivariate semiparametric model
We first introduce the model in a generic form. Suppose that there are K outcomes of interest. Let Y ijk be the ith subject's response on the kth outcome at the jth time point, i ¼ 1, . . . , m, j ¼ 1, . . . , n i , and k ¼ 1, . . . , K. We introduce a q Â 1 vector of random effects b ik to accommodate the correlations among the repeated measurements of outcome k within subject i, and assume that b ik $ Nð0, D k Þ where D k is a q Â q variancecovariance matrix. We further assume that the conditional distribution of Y ijk given b ik belongs to an exponential family of canonical form, i.e. for k ¼ 1, . . . , K f k ðy ijk jb ik Þ ¼ exp
where the natural parameter ijk ¼ gð ijk Þ, with l ijk being the conditional mean of Y ijk given b ik and gðÁÞ being a monotone, invertible link function. For example, ijk ¼ ijk for normally distributed data; for binary data, a logit link function is defined as ijk ¼ logð ijk 1À ijk Þ; for count data following a Poisson distribution, a log link function is used, i.e. ijk ¼ logð ijk Þ.
We consider the following semiparametric mixed model
where b k is a p Â 1 vector of coefficients for fixed effect covariates x ij , z ij is a q Â 1 vector of random effect covariates which is usually a subset of x ij , and s k ðÁÞ is a bivariate smooth function for independent variables t 1ij and t 2ij associated with outcome k, which is incorporated to capture the joint nonlinear effects of two independent variables on each outcome. To account for the within-subject correlations across the outcomes, we define a vector of subject-specific random effects as b i ¼ ðb T i1 , . . . , b T iK Þ T , which follows a multivariate normal distribution Nð0, D b Þ. The variance-covariance matrix D b consists of diagonal blocks D 1 , . . . , D K and off-diagonal elements that depict the between-outcome correlations.
For the smooth functions, we specify a set of basis functions h l , l ¼ 1, . . . , L, so that s k ðt 1ij , t 2ij Þ ¼ P L l¼1 kl h l ðt 1ij , t 2ij Þ with a kl being the corresponding coefficients. Here, we use a common set of basis functions for simplicity, although the basis dimension L can vary for surfaces with different levels of smoothness. In general, L should be sufficiently large in order to represent the true surfaces, but not too large to compromise computational efficiency. This said, with the use of penalized regression splines (see Section 2.2), the choice of L becomes less critical because the smoothness of functions is primarily determined by the smoothing parameters. The smooth functions can be further written as
where a k is the coefficient vector and T k is the basis function matrix consisting of row vectors T T ij for j ¼ 1, . . . , n i and i ¼ 1, . . . , m.
For convenience, we write model (2) into a matrix form. Denote the outcome vector by
The natural parameter vector can be defined in a similar way. Then model (2) can be rewritten as
whereb ¼ ðb T 1 , . . . , b T K Þ T is the vector of fixed effect coefficients for the design matrix
T mK Þ T is the vector of random effects for the design matrix Z b and it follows a multivariate normal distribution Nð0, D b I m Þ, and a ¼ ða T 1 , . . . , a T K Þ T is the coefficient vector for the basis function matrix T.
Penalized likelihood
We use the thin plate regression splines to model the bivariate smooth function s k in model (2) . The thin plate regression splines are a low rank smoother constructed using the thin plate basis functions. 25 Similar to the smoothing splines that have been connected to the mixed effects models through a Bayesian framework, 26, 27 the thin plate regression splines can also be presented as mixed effects models. 28, 29 Let w ¼ ðb T , n T , a T Þ T be a vector of unknown parameters, where denotes the variance components in D b . The proposed model can be estimated by maximizing the penalized log-likelihood function
where ' ðwÞ is the log-likelihood function of the model, Jðs k Þ is the penalty function measuring the roughness of s k , and k k is the corresponding smoothing parameter which balances the goodness-of-fit of the model and the smoothness of s k . A commonly used form of roughness penalty for bivariate smoothers is
Based on the observed data, it can be further written as a quadratic form in the coefficients of the smooth function, i.e. Jðs k Þ ¼ a T k S k a k where the penalty matrix S k is a positive semidefinite matrix of known coefficients.
The smooth function s k can be partitioned into conventional components in generalized linear mixed models (GLMMs) by using eigen decomposition of the penalty matrix S k . 29 Specifically, the penalized components of s k are considered as random effects and the unpenalized components as fixed effects. Through reparameterization, the coefficient vector a k is divided into the fixed effect coefficients a k,F and the random effects a k,R , such that a T k S k a k ¼ a T k,R S k,R a k,R , where S k,R is a diagonal matrix with all positive eigenvalues of S k on the diagonal. Therefore, the fixed effect coefficients a k,F remain unpenalized. Equation ( 3) now has the following mixed model representation
where T k,F and T k,R are the design matrices for fixed effects and random effects respectively, and a k,R $ Nð0, S À1 k,R = k Þ. Applying equation (6) to model (4), we have the following GLMM representation
where 1 , . . . , K Þ T denotes the variance components. Hence, the mixed model representation allows the smoothing parameters k k to be estimated as part of the variance components.
Estimation algorithm
Since the proposed model is formulated in a GLMM representation, the parameters can be estimated conveniently by using existing computational approaches for mixed models. In particular, the smoothing parameters can be estimated simultaneously with other variance components, thus making the estimation procedure computationally more efficient.
Based on equation (1), the likelihood function of model (7) given the observed data y is
where the integral is usually intractable except for situations where the outcomes are continuous and follow normal distributions. We use a Laplace approximation to evaluate the integral by replacing the logarithm of the integrand with its second-order Taylor expansion at the conditional mode of the random effects b bðb, hÞ ¼ arg max
The conditional modebðb, hÞ is determined using a penalized iteratively reweighted least squares (PIRLS) algorithm. 30 By optimizing the Laplace approximation to (8) , we obtain the approximated maximum likelihood estimatorsb andĥ.
Other commonly used methods to handle high dimensional integration in GLMMs include adaptive Gaussian quadrature and penalized quasi-likelihood (PQL). Using adaptive Gaussian quadrature, the integral can be evaluated precisely given a sufficient number of quadrature points, but this may be computationally less feasible when the dimension of integral (i.e. the number of random effects) is high, as the number of quadrature points grows exponentially. The PQL method transforms the estimation of a GLMM into iterative fitting of a linear mixed model on pseudo-data with working response variables and weights. However, there has been evidence that estimates of the variance components as well as the fixed effect coefficients based on the PQL tend to have more severe downward bias for sparse data such as binary and low mean count data. 31, 32 For this reason, we choose to use the Laplace approximation for parameter estimation in the current research.
The estimation algorithm is developed based on R packages for fitting generalized additive mixed models (e.g. gamm4 33 ). To obtain standard errors (SEs) ofb andĥ, we use a bootstrap method with subject as the sampling unit. The 95% confidence intervals (CIs) of the parameter estimates and the coverage probabilities of the CIs can also be calculated based on the bootstrap samples.
Simulation study
A simulation study was conducted to evaluate the performance of the estimation procedure for the proposed model. We generated bivariate outcomes ðY ij1 , Y ij2 Þ, i ¼ 1, . . . , m, j ¼ 1, . . . , n, following Poisson distributions with means ij1 and ij2 , respectively. We considered two settings with different degrees of between-outcome correlation in the random effects.
In Setting 1, we assumed a strong between-outcome correlation with correlation coefficient ¼ 0:7. The data were simulated using the following semiparametric mixed model
where
the smooth functions were defined as s 1 ðt 1 , t 2 Þ ¼ e t 1 sinðt 2 Þ and s 2 ðt 1 , t 2 Þ ¼ 2 ffiffiffiffi t 1 p e ðt 2 À0:4Þ 2 , and s 1 and s 2 were centered over the observed values of ðt ij1 , t ij2 Þ which were generated from Unifð0, 1Þ independently. Other parameters were chosen as 01 ¼ 1:5, 02 ¼ 1, 11 ¼ 0:3, 12 ¼ À0:2, 1 ¼ 0:7 and 2 ¼ 0:7.
In Setting 2, the correlation was assumed to be moderate with ¼ 0:4. Model (9) was used again to generate the data.
The smooth functions remained the same. Other parameters were 01 ¼ À0:8, 02 ¼ À1:2, 11 ¼ 2, 12 ¼ 1, 1 ¼ 0:5 and 2 ¼ 1.
We simulated datasets of different sample sizes under each setting with m ¼ 200, 500 and n ¼ 5, 10. The parameter estimates were averaged over 200 replications. For each simulated dataset, we drew 200 bootstrap samples and calculated the SEs and coverage probabilities of the 95% bootstrap CIs. We also calculated the mean squared errors (MSEs) of the smooth function estimates under each setting.
The simulation results under the two settings are presented in Tables 1 and 2 , respectively. Under both settings, the estimation procedure achieved excellent performance in fitting the model. All parameter estimates had very small bias. The coverage probabilities of the CIs were close to the nominal level 95%. The MSEs of the smooth functions gradually decreased while the sample size increased.
A separate simulation study was conducted to evaluate the performance of the proposed model, in comparison with that of other commonly used models. In this simulation, Model 1 was the proposed multivariate semiparametric model, 
, which included both main effects and a two-way interaction term to accommodate the joint effect of t 1ij and t 2ij . Model 3 was a set of two univariate generalized additive mixed models (GAMMs) with the same mean structure as in Model 1. We used the following bivariate smooth functions: s 1 ðt 1 , t 2 Þ ¼ 3 exp½Àt 2 1 À t 2 2 þ ðt 1 À 0:5Þðt 2 þ 0:5Þ and s 2 ðt 1 , t 2 Þ ¼ t 1 þ 2 ffiffiffiffi t 1 p logðt 2 þ 1Þ þ sin½t 2 ðt 1 þ 0:5Þ as the true nonlinear effect surfaces. Bivariate outcomes following Poisson's distributions were generated with x 1ij $ Nð0, 0:25Þ, x 2ij $ Bernoullið0:5Þ, and t ij1 , t ij2 $ iid Unifð0, 1Þ. Table 3 presents the simulation results for the three models under the setting of m ¼ 200 and n ¼ 10. Parameter estimates and empirical SEs were calculated based on 300 simulated datasets. MSEs were also calculated for the bivariate functions s k (in Models 1 and 3) and f k (in Model 2); estimates of f k were centered in order to be compared with estimated s k . Comparing Model 1 with Model 2, we can see that the proposed semiparametric model clearly outperformed the parametric GLMM with much reduced MSEs, suggesting that it is was able to better capture the shape of the bivariate surfaces in the presence of true nonlinear effects. The proposed model also achieved more efficient estimation of the fixed effects, as reflected by smaller standard errors. In comparison with the univariate GAMMs, which were supposed to produce the closest fit for individual outcomes, the proposed model achieved the same level of unbiasedness and efficiency in parameter estimation, while providing an additional assessment of the cross-outcome correlation coefficient . Another important advantage of the proposed model is its ability to compare the effects of the same independent variable on different outcomes. We did not include this in the simulation because this type of inference is unavailable for univariate models. 
Data analysis
To illustrate the proposed method, we used data from a clinical trial of a care management intervention, known as the Geriatric Resources for Assessment and Care of Elders (GRACE) intervention, designed for low-income elderly patients. The detailed study protocol was described by Counsell et al. 34 Briefly, patients were recruited from community-based health centers and were assigned to either the GRACE intervention or the usual care group based on a physician-level randomization. Patients in the intervention group received home-based care management that was individualized based on their geriatric conditions, while the usual care group had access to all primary and specialty care services as usual. Multiple outcomes were assessed at baseline and then semiannually for two years, including health-related quality of life, activities of daily living, ED visits (not resulting in hospital admission) and hospital admissions in the last 6 months. As a secondary analysis of the trial, we considered counts of ED visits and hospital admissions as a bivariate vector of outcomes. In this analysis, we examined whether and how patients' functional health and severity of depression affected their acute care utilization in the control group. Among the 477 patients in the control group, 365 (77%) were females and 292 (61%) were blacks. They contributed a total of 2037 observations. At baseline, the median age of this group was 70 years (range: 65-79 years; standard deviation: 6 years). Common comorbid conditions were assessed, including hypertension, angina, congestive heart failure, heart attack, stroke, chronic lung disease, arthritis, diabetes, and cancer. Every six months, the patients were interviewed on their general health status, and their ED visit and hospital admission records were obtained from a regional health information exchange. Functional health and well-being were evaluated using the Medical Outcomes 36-Item Short-Form (SF-36), 35 and it was aggregated into a single measure by averaging the Physical Component Score (PCS) and Mental Component Score (MCS), with higher scores indicating better health (score range: 0-100); severity of depressive symptoms was measured using the Patient Health Questionnaire-9 (PHQ-9), 36 with higher scores indicating more severe depression (score range: 0-27).
To examine the concurrent effects of functional health (SF-36) and depression severity (PHQ-9) on ED visit and hospital admission rates, we considered the following model (9); s ED and s HA were the bivariate smooth functions of SF-36 and PHQ-9 to depict the joint effects of functional health and depression severity on ED visits and hospital admissions.
With the proposed model estimation procedure, it took approximately 30 minutes to fit model (10) on a PC with dual 2.13 GHz CPUs and 2 GB memory. The parameter estimates as well as the bootstrap SEs and 95% CIs are provided in Table 4 . Females tended to have fewer ED visits and hospital admissions although the associations were not statistically significant. Older patients had significantly higher hospital admission rates. A 10-year increase in age would result in a 35% increase in hospital admission rate. The number of comorbidities was a significant predictor for both outcomes. An additional comorbidity was associated with 14% and 23% increase in ED visit and hospital admission rates, respectively. We also noted a strong within-subject correlation between ED visit and hospital admission rates ( ¼ 0:86, 95% CI ¼ ð0:77, 0:98Þ) and a greater variability in hospital admission rate ( 1 ¼ 1:17, 95% CI ¼ ð0:91, 1:80Þ) than in ED visit rate ( 1 ¼ 1:04, 95% CI ¼ ð0:79, 1:34Þ).
The estimated bivariate surfaces showed the concurrent influences of functional health and depression severity on utilization, as presented by colored contour plots in Figure 1 . As expected, lower functional health and more severe depressive symptoms, as indicated by lower SF-36 and higher PHQ-9 scores, were associated with increased utilization of both ED and inpatient care. Nonetheless, the independent variables interacted very differently as the joint effect surfaces for ED visit and hospitalization had distinct patterns. Depression severity dominated ED visit rate in patients of poorer health (e.g. SF-36 score < 40), while functional health had a dominating effect on ED utilization in patients with better overall heath (e.g. SF-36 score > 45). On the other hand, the effects of functional health and depression severity on hospital admission appeared more linear with little interaction. The data suggest that people of poorer health are more likely to be depressed, which may result in more frequent visits to ED. Hospitalization, on the other hand, often resulted from the underlying physical diseases, instead of depression alone.
Discussion
In this paper, we have proposed a generalized semiparametric model for depiction of nonlinear independent variable effects on multiple outcomes. A key feature of the model is its accommodation of the concurrent nonlinear influences and potential interaction effects of two independent variables through bivariate nonparametric functions. By using the thin plate regression splines as smoothers, the proposed model can be reformulated into a generalized linear mixed model, so that traditional mixed model packages can be used for parameter estimation. This modeling framework allows one to explore the independent variable effects in a much more flexible way than allowed under the traditional generalized linear regression models.
The model has been proposed for the analysis of correlated health care utilization data, in the form of hospital admissions and ED visits. Although it is described in this specific context, the general formulation of the model based on the exponential family of distributions should work for other types of data. Importantly, the model accommodates the cross-sectional correlations among multiple outcomes, as well as the temporal dependence among the repeated measures of the same outcome within individual subjects. With such a formulation, one could further develop inference procedures for comparison of the independent variable effects across the outcomes. Both likelihood ratio and bootstrap inference methods can be developed along the lines described by Liu and Tu. 9 In this sense, the general structure of the model provides a flexible platform for statistical inference. The practical utility of the model has been demonstrated through a real data analysis, in which we use the model to disseminate the nonlinear effects of important independent variables. We believe that this model, along with the developed model fitting method, provides much enhanced modeling flexibility to health services researchers in evaluation of factors associated with care utilization. In addition, we note that for univariate longitudinal data, likelihood-based methods provide valid inference on the fixed effects when data are missing at random as long as the joint distribution of the outcomes is correctly specified. 37 This holds true for the multivariate semiparametric models presented in this paper since the proposed estimation procedure is similarly based on the (penalized) likelihood.
For future extensions, we plan to focus on practical issues that have not been addressed by the current paper. First, we would like to study the issues of variable selection and nonlinear structural discovery. These techniques will help analysts identify important variables to include in the model and determine the need for nonlinear components. Another issue that we would like to explore is the handling of missing data under the proposed modeling framework, particularly in observational study settings. In the current data example, there were few intermittent missing data for ED visit and hospital admission, as the trial participants were closely monitored and their utilization events carefully documented. Specifically, we would like to examine the impact of nonignorable missing data, which tend to be a more frequent occurrence in observational studies. Notwithstanding these limitations, we present this method as a general approach for the analysis of multiple clinical outcomes that are subject to nonlinear and interacting influences of independent variables.
